Abstract. We present a method for parametrizing linear cosmological perturbations of theories of gravity, around homogeneous and isotropic backgrounds. The method is sufficiently general and systematic that it can be applied to theories with any degrees of freedom (DoFs) and arbitrary gauge symmetries. In this paper, we focus on scalar-tensor and vector-tensor theories, invariant under linear coordinate transformations. In the case of scalar-tensor theories, we use our framework to recover the simple parametrizations of linearized Horndeski and "Beyond Horndeski" theories, and also find higher-derivative corrections. In the case of vector-tensor theories, we first construct the most general quadratic action for perturbations that leads to second-order equations of motion, which propagates two scalar DoFs. Then we specialize to the case in which the vector field is time-like (à la Einstein-Aether gravity), where the theory only propagates one scalar DoF. As a result, we identify the complete forms of the quadratic actions for perturbations, and the number of free parameters that need to be defined, to cosmologically characterize these two broad classes of theories.
Introduction
The possibility that we might be able to constrain General Relativity (GR) on cosmological scales is one of the science drivers behind future surveys [1] . In preparation, there have been a number of proposals on how to characterize deviations from GR (or to be more specific, deviations from the ΛCDM model) in as general a fashion as possible. To some extent, the idea has been to find an approach on cosmological scales analogous to that used in the weak field, non-relativistic regime, where the Parametrized Post-Newtonian (PPN) approach captures the behaviour of a wide range of theories on the scale of the Solar System or compact binaries [2] . Ultimately, one would like to have a similarly systematic method for describing a general swathe of the landscape of gravitational theories on cosmological scales (see [3] for a review on this topic). This description must be written in terms of a finite (and preferably small) number of "parameters" -really independent functions of time -which are easy to map onto specific theories. The quest for a complete and efficient parametrization is ongoing, and it is useful to briefly summarize the main approaches that have been considered, their strengths and weaknesses. The approach most widely used until now involves phenomenological corrections to the linear perturbation equations [4] [5] [6] [7] [8] . The Newton-Poisson equation is modified to include a time-and scale-dependent Newton's constant, and a "gravitational slip" allows the two metric scalar potentials to differ from each other. This two-parameter approach is remarkably effective, easily implemented in Einstein-Boltzmann solvers and, with a judicious choice of functional forms, can be shown to closely mimic specific extensions of GR. While it can be shown that this parametrization is the limit of any viable theory in the quasi-static regime [9] (the cosmological equivalent of the Newtonian regime), there is no systematic way of relating it to any fundamental theory on large scales. In other words, constraints on the two parameters in this approach do not unambiguously lead to information about any putative underlying theory that might be responsible for deviations from GR. The same strengths and weaknesses can be found in attempts to parametrize deviations from GR in terms of a perturbed cosmological fluid [10] . In this case, the parameters are the equation of state, the sound speed and terms that control adiabaticity and shear. While these parameters have a clear meaning in terms of the physics of relativistic fluids, they tell us little about what the fundamental modifications to the GR field equations or to the Einstein-Hilbert action are.
There are a number of attempts at the construction of a more fundamental parametrization. Two routes have been considered: a generalization of the field equations, in what we have called the "Parametrized Post-Friedmann" (PPF) approach [11, 12] , or a generalization of the gravitational action, of which the two main variants are the "Effective Action" (EA) approach [13, 14] and the "Effective Field Theory" (EFT) approach [15] [16] [17] [18] [19] . In the PPF approach one parametrizes the most general gauge-invariant field equations, which include up to second-order derivatives of the two scalar metric potentials. When only one scalar DoF propagates, the PPF approach covers a very general class of theories; in [12] it was shown that scalar-tensor, Einstein-Aether and bigravity theories are all encompassed by this parametrization. Unfortunately, as a result of its generality, there are a large number of free parameters that need to be included. Furthermore, these depend on time and scale due to the lack of knowledge of the field content of the underlying theory from which the scalar DoF comes. This makes the PPF approach potentially impractical for constraining GR on large scales.
Restricting oneself to theories that can be derived from a local fundamental action, as one does in the EFT and EA approaches, simplifies any potential parametrization. The tools of EFT have been successfully applied to characterize scalar field perturbations during inflation, allowing a systematic study of non-Gaussianity arising from higher-order operators on a quasi-de Sitter background [20, 21] . These ideas have been imported to late-time cosmology where, even though it is not strictly an EFT approach (one is looking at coupled but, effectively, free fields with no higher-order operators) it is useful in organizing all possible terms in the action. The approach is constructed using Arnowitt-Deser-Misner (ADM) variables and the unitary gauge to build a general spatially-invariant quadratic action for cosmological perturbations in a scalar-tensor theory; one then performs a Stueckelberg transformation to make the scalar DoF explicit and recover time diffeomorphism invariance. This is an elegant approach which has already been implemented in a couple of Einstein-Boltzmann solvers [22] [23] [24] , but is restricted to scalar-tensor theories (and particular forms of Horava-Lifschitz theory). The EA approach takes a covariant point of view ab-initio, constructing an effective action with all possible covariant combinations of the metric perturbations. It is more general than the EFT approach, is systematic and has also been implemented in existing Einstein-Boltzmann solvers [25] .
In this paper we would like to follow the spirit of the PPF approach and construct a systematic and general parametrization procedure, but at the level of the action, instead of the equations of motion; it will be, in some sense, an integrable version of the PPF approach. With this procedure we will construct local, general, diffeomorphism-invariant quadratic actions for linear perturbations, around homogeneous and isotropic backgrounds, encompassing all possible gravitational theories with a given field content and derivative order. We will argue that the form of the quadratic action, crucially, depends on the gauge transformation properties of any extra fields that may arise in a modified gravity theory. An important feature of this approach is that the free parameters characterizing the quadratic action, and thus the evolution of cosmological perturbations, are defined in terms of functional derivatives of an underlying, unknown, fundamental lagrangian. One can then identify where, in the general space of parameters, a particular theory resides. As a consequence, mimicking the success of PPN, it should be straightforward to translate constraints on the general set of parameters into constraints on a particular theory (for example, Jordan-Brans-Dicke theory, Einstein-Aether gravity, bigravity, etc.).
We will use some of the tools proposed in the EFT approach and its variants; working in terms of the 3+1 decomposition and ADM variables, connecting free coefficients with properties of fundamental theories, and assuming linear diffeomorphism invariance. However, we will not restrict ourselves to scalar-tensor theories; we will not gauge fix and, therefore, will not Stueckelberg. While in the first steps of the procedure the action that we start with will seem more complex than those proposed in the EFT approach, we show that imposing the action to be diffeomorphism-invariant rapidly simplifies it to a manageable form that is equivalent to, but more general than, other formalisms. A tremendous strength of our approach is that it is completely systematic and easily generalized to any background, degrees of freedom and gauge symmetries.
Outline: We will use the main body of the paper to explain our method. Notation, intermediate results, useful asides are all relegated to appendices and appropriately referred to in the text. The structure of the paper is as follows. In Section 2 we explain our method, give a simple introductory example and then show the application to cosmological perturbations of a general local diffeomorphism-invariant gravitational theory, around a homogeneous and isotropic background. In Section 3 we apply the method to the simplest theory -a theory with a single metric. Here we will see how linearized GR can arise from a more general construction than one would have a priori thought. In Section 4 we apply the method to scalar-tensor theories and show that we recover the results of [19] and [26] . In particular, our approach includes the "Beyond Horndeski" parameter found in [19] , and extra parameters allowing fourth spatial derivatives of the fields in their equations of motion. In Section 5 we apply our method to vector-tensor theories, with at most two derivatives of the fields. Here there are two propagating scalar DoFs, neither of which transforms as a scalar perturbation of a scalar-tensor theory. We show how to construct the most general quadratic action for perturbations with this field content and, as importantly, how to implement constraints so that we end up (as advertised) with only one propagating scalar DoF. In Section 6 we review our findings and discuss how to generalize the calculations presented in this paper.
Code: Along with the paper we also release two pieces of code: Firstly the xIST package, an extension of the xAct tensor algebra system [27] , which implements a framework to investigate general scalar-tensor theories at the level of linear perturbations. Secondly, based on xIST, a Mathematica notebook we dub COPPER (COsmological Parametrized PERturbations), which reproduces the calculations carried out in Sections 3 and 4 in this paper in detail and can be straightforwardly adapted to investigate more complicated setups. The full code and documentation can be found and downloaded at https://github.com/noller/xIST.
The method: Noether identities and constraints
In this section we explain the method for obtaining general local quadratic actions for linear cosmological perturbations of gravitational theories with a given field content and gauge symmetries. The objective of this method is to find the maximum set of free functions parametrizing the quadratic action, and thus the cosmological predictions, of different gravitational theories. One can then automatically translate observational constraints on the free functions into constraints on these theories. In this method we will be assuming a known form for the matter sector which couples to gravity.
Before explaining the method in detail, we first summarize the three main steps. Then we illustrate the method with a simple (non-cosmological) example of an action with a 4-vector field, invariant under U (1) gauge transformations. We then proceed to analyze gravitational theories composed of at least one 2-rank tensor field, or metric, and invariant under linearized diffeomorphisms.
The main three steps of the method are the following:
1. Choose the fields present in the theory and the gauge symmetries to be satisfied, e.g. invariance under linear coordinate transformations.
2. Write down an action with all possible quadratic interactions between the fields, leading to a given maximum number of derivatives of the fields in the equations of motion.
3. Find the Noether identities associated to the required gauge symmetries, and impose the resulting constraints on the quadratic action.
Before explaining in detail, and generality, these three steps, we start with a simple example to illustrate the procedure. In particular, Step 3 above should be made clearer by this.
Introductory example
Step 1: Consider a covariant theory for a 4-vector A µ on Minkowski space, invariant under the following gauge transformation:
where ε is an arbitrary function of space and time.
Step 2: The most general quadratic action, leading up to second derivatives of the field in its equation of motion, can be written as:
where c 1 , c 3 and m are free constant parameters. Here we have included all possible covariant quadratic contractions of the field with an unknown coefficient in front. The structure of this action is that of the Proca-Einstein-Aether theory [28] , where we have discarded a term proportional to (∂ α A α ) 2 (known as the "c 2 " term in curved space) as it is equivalent to the c 3 term through an integration by parts.
Step 3: If the action S A is gauge-invariant under the transformation in eq. (2.1), then a variation of the action δ ε S A , due to an infinitesimal gauge transformation of the field, must vanish. Specifically, if we make an infinitesimal variation δA µ = ∂ µ ε, at linear order in ε we obtain:
where the last line comes from an integration by parts. From eq. (2.3) we obtain a condition that must be satisfied if the action is gauge-invariant. This condition corresponds to the Noether identity associated to the gauge transformation in eq. (2.1), and is given by:
where we have used the fact that ε is an arbitrary parameter, and therefore the entire bracket must vanish in order to satisfy δ ε S A = 0. In addition, since the action must be gauge-invariant off-shell, i.e. for any field configuration A µ , this identity must be satisfied off-shell as well. Thus, the terms with different derivatives acting on A α must vanish separately, leading to two independent constraints for the parameters:
From now on, the individual constraints following from the Noether identities will be called Noether constraints. In this example, these constraints reduce the action in eq. (2.2) to that of classical electromagnetism (for an appropriate choice of normalization), which is then the most general quadratic action invariant under eq. (2.1) for a vector field with second derivatives in its equation of motion. We have systematically constructed this action by using the Noether identities to find a set of constraints on the coefficients of the original general quadratic action in eq. (2.2).
Gravitational action
We will now use this method to construct the most general, linearly diffeomorphism-invariant and local quadratic action for linear perturbations of gravitational theories on a cosmological background. As already seen in the previous example, the result depends strongly on the field content and the number of their derivatives. In other words, we will be parametrizing gravitational theories with the same fields, derivative order and gauge symmetries. In general, theories that deviate from General Relativity have extra degrees of freedom, either explicitly or emerging from higher-derivative operators, extra dimensions, etc. If our method is to encompass these theories, we need to account for extra degrees of freedom.
In order to be concrete, we will sometimes refer to scalar-tensor theories to explain our procedure, but we emphasize that the method is easily generalizable to other gravitational theories. In fact, in Section 5 we apply the procedure to vector-tensor theories. We follow the same three steps as above.
Step 1: Consider a gravitational theory composed of one rank-2 tensor field (or metric) and possibly some additional fields. We focus on linear perturbations around a homogeneous and isotropic cosmological background.
The tensor degrees of freedom arise from the following perturbed metric: 6) whereḡ αβ describes the background metric, assumed to be a spatially-flat FRW metric with a line element given by:
where a(t) is the scale factor. δg αβ describes small first-order perturbations around the background. For all the additional fields, we assume the same linearly perturbed form, with a background solution satisfying the same symmetries asḡ µν (isotropy and homogeneity, in this case). In the case of scalar-tensor theories, with an extra scalar field χ, we have
where χ 0 (t) is the background solution of the scalar field χ, and δχ its first-order perturbation. We will be looking for actions which are quadratic in these perturbations and invariant under linear general coordinate transformations of the form x µ → x µ + µ , where µ is a firstorder arbitrary perturbation to the coordinates x µ . Under linear coordinate transformations the background stays the same, while the linear perturbations of the metric δg αβ transform as
The derivation of this transformation of the metric can be found in Appendix C. For the scalar perturbation δχ, the corresponding transformation is
where π is an arbitrary parameter corresponding to the time component of the parameter µ , and the dot denotes a derivative with regards to the physical time t.
In addition, we couple the gravitational action to matter fields. In this paper, for simplicity, we consider the matter sector to be comprised of a scalar field ϕ minimally coupled to the metric, with the same gauge transformation rule as the scalar field χ in eq. (2.10). However, all the results found in this paper will also hold for a general perfect fluid. The formalism can also be extended to non-minimally coupled matter (for an attempt at doing this in the context of PPF see [29] and in the context of EFT see [30] ).
Step 2: In this step we construct the most general local quadratic action for all the gravitational perturbation fields δg µν , and any other extra field present. This quadratic action will lead to equations of motion which are linear in the perturbation fields.
We start by assuming the existence of an underlying non-perturbative, fundamental, gravitational action S G , that leads to the quadratic action we are interested in. In this paper we work in the 3+1 ADM formalism -see Appendix A for notation. We do this for three main reasons: i) in a cosmological setting there is a straightforward 3+1 split; ii) for ease of comparison with EFT approaches in which time diffeomorphism invariance is broken; iii) it is straightforward to construct terms with different numbers of maximum derivatives for time and space. We emphasize, though that the procedure presented here could also be used without the ADM formalism (in a "fully covariant" approach), although we would be forced to consider the same number of time and space derivatives. For a similar (but not identical) approach with explicit 4-dimensional covariance see [14] .
In the ADM formalism we have that the metric g µν can be decomposed into a lapse function N , shift functions N i and a 3-dimensional spatial metric h ij in the following way:
The underlying fundamental action will be a local functional of N , N i , h ij and the extra fields, as well as their multiple time and spatial derivatives:
where L G is a Lagrangian functional, |h| is the determinant of h ij , and the ellipses encompass higher derivatives of the metric and any extra field(s). Given that we are seeking a linearly diffeomorphism-invariant action, we have replaced time derivatives and secondary spatial derivatives of the 3-dimensional metric in L G by the extrinsic curvature tensor K i j and the intrinsic 3-dimensional curvature R i j , respectively. In general, we will consider S G to be a functional of a set of building blocks Θ = (N,
It is important to note that, since the building blocks include all time and spatial derivatives of the fields, we have to make an extra assumption on S G , otherwise we could have infinitely many of these terms. We will choose a maximum number of (combined space and time) derivatives allowed for the fields in the equations of motion (and thus in the action) and truncate at that order.
Given that we are interested in linear perturbations of the gravitational fields, we need the quadratic expansion of S G in δN , δN i , δh ij , δχ and the rest of the extra fields. To do so, we take the functional Taylor expansion of L G around the background fields in terms of the perturbed set of building blocks δ Θ = (δN, δN i , δh ij , δK i j , δR i j , δχ, · · · ), so that:
whereL is the zeroth order Lagrangian (L G evaluated at the background), and the subindices A and B label the different building blocks. The terms L Θ A and L Θ A Θ B are what we call coefficients, and are given by functional derivatives of L G evaluated at the background; therefore they generally depend on time. Explicitly,
Notice that even though the fields (g µν , χ, etc) have only linear perturbations, the perturbed building blocks could have higher-order perturbations as result. Thus, we clarify that δ Θ contains both first and second-order perturbative pieces. We can now find the Taylor expansion of the gravitational action, which is given by:
14) where δ n stands for an n th order perturbation. In addition, we include a matter action:
where L M is once again a Lagrangian functional. Here, we have generically represented "matter fields" with ϕ, but they can be fields of any spin, perfect or imperfect fluids, etc. This action is assumed to be known, and therefore its Taylor expansion can be carried out straightforwardly. The linear terms of the Taylor expansion of the total action S G + S M will be zero, and will lead to the background equations of motion (see Appendix E), while the quadratic terms will give the total quadratic action S (2)
M determining the evolution of the cosmological perturbations. Explicitly, the second-order gravitational action will be given by:
where we have used eq. (2.14) and the fact that a given perturbed building block can be separated into a first and second-order perturbation as:
As we will see in the next section, only some building blocks Θ A will have a second-order perturbation, (for example, the lapse N or the 3-curvature, R). As we have already mentioned, the coefficients L Θ A and L Θ A Θ B can be derived from the fundamental non-perturbative action. However, we will assume that such an action is not known and thus these coefficients will be left as free functions to be fixed by the Noether constraints, in a way analogous to the coefficients c 1 , c 3 and m 2 in the example presented in Section 2.1.
Step 3: In this step we impose that the total quadratic action (from gravity and matter) is invariant under linear coordinate transformations. We do so by finding the relevant Noether identities, and solving the resulting Noether constraints. To find the Noether identities, we write down all the perturbed building blocks δΘ A in terms of the perturbation fields δg µν , δχ, etc. and vary the quadratic action with regards to them. Specifically, in this paper, we vary the quadratic action in terms of the scalar-type perturbation fields, according to the standard Scalar-Vector-Tensor (SVT) decomposition of fields [31] . We focus only on these scalar perturbations, as they are the seeds of large-scale structure in the density field, and therefore cosmologically relevant. We can ignore the vector and tensor perturbations as they decouple from the scalar perturbations on a homogeneous and isotropic background. Thus, we write δg µν as:
where we have four scalar perturbation fields Φ, B, Ψ and E. From eq. (2.9), we can find how these scalars will transform under linear coordinate transformations:
where H =ȧ/a. Here we have used the SVT decomposition on the 4-vector µ to rewrite it as: µ = (π, T i +δ ij ∂ j ), such that ∂ i T i = 0. We notice that this 4-vector has two scalar-type parameters π and that only affect the scalar-type perturbations of the quadratic action, and one vector-type parameter T i that will not be relevant for our calculations. With this decomposition in hand, we can rewrite all the perturbed building blocks depending on the metric in terms of these four scalar perturbations (see Appendix B for a full list), and obtain a quadratic action S (2)
M in terms of Φ, B, Ψ, E, δϕ, and the rest of the perturbed extra fields.
We now take an infinitesimal variation of the total quadratic action with regards to each one of the scalar-type perturbation fields. For scalar-tensor theories, where the matter sector is comprised by a scalar field ϕ, the variation of the quadratic action can be written as:
where E X is the equation of motion for the perturbation field X. To find the Noether identities, we replace the variations of the fields by the corresponding gauge transformations in eq. (2.18) and (2.10), and integrate by parts to end up with:
where the expression δ g stands for a variation of the action due to a gauge transformation.
We have used the fact that the matter perturbation field δϕ transforms in an analogous way to δχ. Given that the total quadratic action is invariant under these gauge transformations, and given that both π and are arbitrary and independent, each set of brackets must be zero; this gives us the two Noether identities associated to the two scalar gauge parameters of the model π and . Furthermore, each combination of coefficients, inside each of the brackets, multiplying the perturbation fields and their derivatives such as Φ,Φ, ∂ 2 Φ, Ψ, etc, must be individually zero for the Noether identities to be satisfied off-shell, giving a set of Noether constraints. These constraints will be, in general, linear ordinary differential equations of the coefficients L Θ A and L Θ A Θ B . However, for all the cases presented in this paper, these Noether constraints can be solved algebraically. Solving all of these constraints and replacing the solutions in the quadratic action allows us to determine the number of independent free coefficients and the number of degrees of freedom of the theory. The resulting action will be the most general linearly diffeomorphism-invariant local quadratic action, given the field content. It is important to remark that even though we only impose gauge invariance under the scalar gauge parameters π and , the resulting action will also be gauge-invariant under the vector gauge parameter T i , and thus it will be fully invariant under linear coordinate transformations. In turn, this means that the independent free parameters characterizing the action for scalar perturbations are the same as those characterizing the vector and tensor perturbations.
We emphasize that the procedure described above is easily generalizable to different backgrounds, to include extra gravitational fields, and different gauge symmetries. To illustrate this, in the next sections we apply the procedure to gravitational actions including a metric and one extra scalar field or vector field. We will also briefly discuss a case in which we impose an extra gauge symmetry, as well as linear diffeomorphism invariance, in the quadratic action.
As a comparison, we mention that in the EFT approach, the quadratic action for scalartensor theories is constructed by working in the unitary gauge, which simplifies calculations, as the dependence on the scalar field vanishes and thus the action only depends on the metric. In this situation one constructs a spatially gauge-invariant quadratic action, and in the end gauge transforms (or "Stueckelberg") to make the extra scalar field explicit, and recover the time gauge invariance [16] [17] [18] . However, a generalization of this procedure is not straightforward. For example, in general, in a vector-tensor theory we would have to fix the spatial and time gauge invariance in order to eliminate the entire dependence on the vector field, and have a quadratic action depending only on the metric. It is not clear that the construction of such metric action is simple as now there would be no gauge symmetry satisfied, relating the different coefficients of the action. In addition, in general, in bimetric theories there is no way of using the gauge freedom to eliminate the entire dependence on the second metric field.
Returning to our procedure, it is possible to easily generalize the matter content to encompass fluids such as baryons, dark matter, etc. In such cases it is convenient to work at the level of the equations of motion instead of the quadratic action. We can do this by finding the first-order equations of motion E µν :
where we have expanded the energy-momentum tensor of the matter content up to first order, T µν =T µν + δ 1 T µν . Note that for finding E µν we make a variation of the quadratic gravitational action S
G only. We then have that the equations of motion for each one of the scalar metric perturbation fields become:
Naturally, we need to supplement the system with the equations of motion of the matter fields that constitute T µν .
As we have mentioned before, this procedure is useful for translating cosmological constraints into constraints on fundamental gravitational actions, and for easily finding where a given gravity theory lies in the space of free parameters. However, we point out that even accurate observational constraints on the set of parameters do not lead uniquely to one fundamental theory. As we will see in the next sections, there is a considerable degeneracy of the parameters L Θ A and L Θ A Θ B that lead to the same observable combinations. The reason for this degeneracy is that we are only constraining the linear evolution of perturbations, but a corresponding higher-order theory could take different forms.
In the following sections we apply the procedure presented above to the simplest (and well-established) cases of General Relativity, scalar-tensor and vector-tensor theories, as they will allow us to illustrate the method in familiar settings. In a later paper we will apply our method to a wider range of theories.
Recovering General Relativity
In this section we parametrize linearly diffeomorphism-invariant gravitational theories containing only one metric field, coupled minimally to a scalar field that constitutes our matter sector. However, the results presented in this section also hold for a perfect fluid matter sector. As in the previous section, we analyze linear perturbations of the fields around a homogeneous and isotropic background.
We follow Step 2 for constructing the most general quadratic gravitational action for a metric. We will allow, at most, second-order derivatives in the equations of motion for the perturbation fields. We start by writing down all the possible perturbed building blocks δΘ A on which the Taylor-expanded Lagrangian L G might depend. In the ADM formalism, we
, where the latter two terms replaceḣ ij and ∂ k ∂ l h ij . As expected, here we have included all possible metric perturbations up to two derivatives 1 . Note that partial derivatives of the perturbation fields are taken with regards to the background metric, and thus we raise and lower the indices of the perturbed building blocks withh ij . Also, δ commutes with partial spatial derivatives and so, for instance, δ(∂ i N ) = ∂ i (δN ). We emphasize that, contrary to GR, we are a priori assuming that δN and δN i could in principle be dynamical fields (with time derivatives); we will let the Noether identities dictate whether they really are or not. As we will see later, the Noether constraints will indeed make δN and δN i be non-dynamical fields.
We now proceed to Taylor expand L G up to second order in the perturbed building blocks, as in eq. (2.13). A few comments are in order that will help us understand the notation in the calculations that follow. In the subscripts of the coefficients L Θ A and L Θ A Θ B (hereafter referred to as L * ), we use 'S' (for "Shift") as a proxy for N k , and ∂ n to signal the number of spatial derivatives acting on the ADM metric variables. We recall that all coefficients L * are evaluated at the level of the background and thus can only depend on N = 1 andh ij . Therefore, statistical isotropy allows us to discard coefficients with an odd number of indices (it is not possible to construct such an object out ofh ij andN that respects the isotropy) and imposes symmetries on coefficients with an even number of indices. We then use the following notation for the coefficients L * :
where A, A i j , etc. represent any term of the building blocks with the corresponding index structure. Two exceptional cases that do not follow the previous definitions are these:
With all these definitions in hand we can Taylor expand L G up to second order. Recall that the perturbed building blocks can contain first-and second-order perturbations of the metric. However, we find that only N , |h|, R and K have second-order terms; thus from now on we use δ for first-order perturbations and δ 2 for second-order perturbations, unless explicitly stated otherwise. We then can find the Taylor expansion of the gravitational action S G , as in eq. (2.14). We require the first and second-order perturbations of the metric density:
where we have used |h| = a 3 andN = 1. To simplify notation we introduce δh i j ≡h ik δh kj and δh ≡h ij δh ij , and thus δ(trace of h ij ) = (trace of δh ij ), which will be used later.
Finally, the action for our matter sector scalar field ϕ is given by:
where V (ϕ) is some potential. This action can be straightforwardly written in terms of the ADM variables, and Taylor expanded up to second order in the linear perturbations of the metric and scalar field. As mentioned in the previous section, from the linear expansion of the total action (gravity and matter) we find the background equations. In this case, from the metric perturbations, we get:
where ρ m and P m are the energy density and pressure of the fluid, respectively. Explicitly, 6) where the subscript 0 indicates the background value. Equations (3.5) are a generalization of the background equations shown in [19] , whose explicit derivation can be found in Appendix E. Note that we will also have an additional background equation from the linear terms in the matter sector field:
where V 0 is the derivative of the potential with regards to the scalar field, evaluated at the background.
On the other hand, from the quadratic terms of the total action, we obtain the action that governs the evolution of the cosmological perturbations. In this case, the full quadratic gravitational action in eq. (2.16) can be written as:
The subscript T here stands for "tensor", as in the present case we only have a tensor field. The L i T are quadratic Lagrangians leading to i derivatives of the perturbation fields in the equations of motion. Explicitly, we have:
where, for simplicity, we have integrated by parts, grouped coefficients together and relabeled them as T * (a dictionary that translates between L * and T * can be found in Appendix D). To understand the derivative structure above, we remind the reader that δK i j contains one spatial derivative, and δR contains two -see the definitions in Appendix A. For writing these actions we have also made use of the relations δ |h| = . In addition, we have rewritten the term L K δK that comes from the expansion of L G (where now δK includes first-and second-order perturbations). Following [19] we have made an integration by parts so that:
From the matter action we find the following quadratic action:
Note that S
M leads to quadratic terms in the perturbations of the metric, as well as linear and quadratic terms on the perturbations of the matter field. We have isolated δ 2 |h| and
in eq. (3.9), as their corresponding coefficients (T and T N ) will exactly cancel the corresponding terms in the matter action in eq. (3.13) due to the background equations (3.5), which can be re-expressed as:
where we have used the dictionary in Appendix D.
We can now apply Step 3 of the procedure described previously. First we focus only on scalar-type perturbations. We write down the total quadratic action in terms of the four metric scalars Φ, B, Ψ and E, and the matter perturbation field δϕ. Note that even though we allow up to two derivatives of the metric perturbations δN , δN i and δh ij , this means that we will have higher-order derivatives of the four scalar metric perturbations. We proceed to find the Noether identities that arise for both spatial and temporal linear gauge invariance, given in eq. (2.18) for the metric perturbations and analogous to eq. (2.10) for δϕ. From each of these two sets of constraints (the Noether identities) we then extract the individual Noether constraints multiplying each individual perturbation and its derivatives. We solve the Noether constraints to find the following non-redundant conditions on the parameters of the quadratic action: 22 )
where we have used the background equations to simplify some of these constraints. We have written these equations in a form that will look the same for a minimally coupled scalar field and a general perfect fluid. Notice that all these constraints can be solved algebraically, by simply working out one coefficient without time derivatives in terms of the rest. Via the constraints above, the number of free coefficients in our original action is greatly reduced. A straight substitution of the Noether constraints into the quadratic action reduces the original 32 free, time-dependent, functions (30 coefficient functions L * and T * in S (2) G , along with the two background functions ϕ 0 and a) down to 8; after some integrations by parts we can collapse the number of the remaining free functions down further to only one: L KK× . In addition, we find that all terms involving time derivatives of δN and δN i vanish, so they play the role of functional Lagrange multipliers -one of the key characteristics of General Relativity.
It is apparent that the time dependence of the coefficients is intimately tied to that of the background, through H, ρ m and P m . We can then take the final step of replacing our reduced set of coefficients into eq. (3.8), to get the following total quadratic action:
where we have redefined M 2 ≡ 2L KK× , so that one of the Noether constraints becomes,
It is instructive to further transform this quadratic action, by making the replacement δϕ → δϕφ 0 , using the background equation for the scalar field (eq. (3.7)), and making a few integrations by parts. We then find:
In other words, the final action in terms of the metric perturbations depends only on one free function of time, M 2 ; the scale factor does not count as a free function, as it is related to M through eq. (3.32) and (3.7) . If the background equations were simply the Friedman equations then, from eq. (3.32) we would find M 2 = M 2 Pl , and eq. (3.33) would become the quadratic action for General Relativity. In general, however, M 2 is a completely free function of time. This illustrates a crucial feature of any approach based on finding general linearized theories at the perturbative level. For a single tensor, at the level of the full diffeomorphism-invariant theory, we know that there should be no overall free function of time left -GR is unique in this sense. Said another way, M 2 being a free function of time is an artefact of just taking into consideration the linearized action for perturbations. The consistency of a full theory requires background, linearized perturbative and higher-order perturbative contributions all to be consistent, i.e. to avoid the propagation of unstable degrees of freedom such as ghosts. And so, crucially, while all well-behaved theories will map onto the free functions in our linearized perturbation theory parametrization, not all possible functional forms for these seemingly free functions are associated with healthy theories. This happens for the very simple reason that there is more to a full theory than the action it gives rise to for linear perturbations, and that there are additional constraints not captured by any formalism based on linearized perturbations. These extra constraints will reduce the free functions we recover further. A detailed analysis on the construction of possible fundamental consistent theories leading to the quadratic actions presented here is beyond the scope of this paper, but it is certainly relevant and requires further work.
We have shown that it is possible to systematically recover the linearized action for the most general linearly diffeomorphism-invariant theory of gravity built from a metric, by starting from a completely general action and systematically applying gauge transformations to obtain the Noether constraints. We have found that M 2 is the only parameter that enters the final action and hence the equations of motion. Looking forward, this means that any attempt to constrain this action (with cosmological observations) boils down to constraining M 2 . But, as we have seen, there are a number of degeneracies that remain between the original coefficients L * . So, we can already see that it is impossible to individually constrain all the coefficients that we used to build the action in equations (3.9)-(3.11). In effect, we will never be able to completely pin down the landscape of theories to solely GR using only cosmological linear perturbation theory alone. At best we will be able to constrain these actions to a degenerate family of theories that includes GR.
Finally, we remark that since Action (3.33) leads to, at most, second-order differential equations in time, it is free of Ostrogradski instabilities associated to higher time-derivative terms [3, 32] . Furthermore, this action propagates only one physical scalar DoF, which actually comes from the matter sector. It can be seen that Φ and B are auxiliary variables, i.e. without dynamics, and can be expressed in terms of the rest of the fields by using their own equations of motion. Therefore, they do not represent independent physical DoFs. In addition, the action has a gauge symmetry with two arbitrary parameters inducing two redundant fields in the action. Thus, from the original 5 scalars in eq. (3.33), only one field is physical.
Recovering linearized Beyond Horndeski theory and beyond
The simplest, non-trivial example of a theory which includes an extra degree of freedom and differs from General Relativity is a scalar-tensor theory. The original, most elementary, formulation is Jordan-Brans-Dicke gravity, a theory in which the Planck mass is promoted to a dynamical scalar field [33] [34] [35] . Jordan-Brans-Dicke gravity has been one of the workhorses of modern cosmology and has been deployed in understanding both the early universe (specifically inflation) and the late-time accelerated expansion of the Universe [3] . Over the past few years, renewed interest in scalar-tensor theories has emerged, on the one hand from the rediscovery of the Horndeski action [36] -the most general, non-degenerate, scalar-tensor action with second order equation of motion -and on the other hand from various extensions of the class of covariant Galileons [37] .
As mentioned in the introduction, most attempts at constructing a general parametrization of linearized gravity have focused on scalar-tensor theories. A nuanced understanding of how scalar-tensor theories emerge has been developed, most notably in [26] , where an economical parametrization of such theories was proposed in terms of four free functions. These functions (the 'α' functions) can be easily related to specific physical properties of the fundamental action. Subsequent work has extended this parametrization to five free functions [38] [39] [40] .
In what follows, we will parametrize linearly diffeomorphism-invariant gravitational theories containing one metric and one scalar field, coupled minimally to a matter scalar field (although the results presented here also hold for a general matter perfect fluid). As in the previous section, we will analyze linear perturbations of the fields around a homogeneous and isotropic background. We will show that with our procedure we can reproduce previous work. In particular, we will show how the free functions describing such theories will emerge from the Noether constraints applied to a quadratic action with up to three time and space derivatives. Furthermore, we will then show that, if we include higher-order derivatives, a further set of functions must be included to completely cover the possible space of theories. To avoid any Ostrogradski instability, we allow at most two time derivatives of the fields, but higher spatial derivatives are permitted (this situation can arise in some Lorentz-violating theories, but also in some special Lorentz-invariant cases such as Beyond Horndeski theories). It would of course be possible to go beyond this and find theories that are higher-order in temporal derivatives as well, yet evade Ostrogradski ghosts via the presence of degeneracies [41, 42] or, equivalently, hidden constraints [43] . 2 
Horndeski and beyond
We now include an extra degree of freedom, a scalar field χ, whose perturbation transforms under linear coordinate transformations as in eq. (2.10). We proceed with Step 2 for constructing the most general quadratic action. Allowing at most three derivatives of the perturbation fields (two temporal but three spatial), we write down all possible perturbed building blocks δ Θ = (· · · , δχ, δχ,
where the initial ellipses indicates all the building blocks used in Section 3 3 . We will also introduce more definitions for the coefficients L * , in addition to those given in eq. (3.1) and (3.2):
where B ijk is fully symmetric,
jl , where A i jkl is symmetric in 3 indices,
jl , where A i jkl is symmetric in 3 indices, (4.1)
where A i , B jkl , etc. correspond to any possible building block with the corresponding index structure. An exceptional case is
As in the previous section, we Taylor expand the gravitational and matter action up to second order in the perturbation fields. From the linear total action we derive the background equations. If we do so, we will obtain eqs. (3.5) and eq. (3.7) for the metric evolution and matter field, which we now supplement with:
2 In this context also note that we are interested in effective theories, which should be ghost-free within their regimes of validity. Any given model may "predict" ghost-like instabilities outside the regime of validity of that theory, i.e. instabilities coming with a mass/energy scale above the theory's cutoff. However, such instabilities are not physical and there is no reason to discard a theory.
3 As in the previous section, we do not consider a term with three spatial derivatives of δhij. Such terms could be added but the form of the quadratic Lagrangians L which corresponds to the background equation for the scalar field χ 0 . These four background equations should not be all independent, as there are only three undetermined background functions: a, χ 0 and ϕ 0 . This redundancy imposes a relation between the coefficients T * and L * , which is not relevant for this paper, but would be important for the task of constructing non-perturbative fundamental actions allowing homogeneous and isotropic backgrounds.
We now extend the gravitational action considered in Section 3 such that
where L i χ are quadratic Lagrangians involving δχ, leading to i derivatives of the perturbation fields in the equations of motion. Up to second-order derivatives, we have the tensor Lagrangians given in the previous section, and we add the following Lagrangians involving the perturbation of the scalar field, δχ:
For third-order derivatives we include the following tensor and scalar Lagrangians:
and
Note that, as in Section 3, we have integrated by parts and redefined some of the coefficients to simplify notation; the dictionary to translate between the T * and L * is in Appendix F. Finally, for the matter scalar field ϕ we add the quadratic action shown in eq. (3.13). We now follow Step 3 where, in addition to (3.15), (3.17)-(3.26) we get a new set of Noether constraints. We find that the end result depends on five free coefficients of the time:
In terms of the coefficients L * and T * , arising solely in L i T , these are:
12) 14) which are completely equivalent (and more general) than the expressions found in [19] . Note that the α i can be neatly understood via the physical effects they parametrize [26] . Explicitly, the final quadratic gravitational action is then:
where we have redefined δχ → δχχ 0 . Note that all the terms in the last line are those arising from δ 2 |h| and (δ 2 N + δ |h|δN ), and they will all cancel with an equivalent counterpart from the matter action S
M . Given that the background depends on two free functions a and χ 0 (ϕ 0 is not free as it will be related to a by means of eq. (3.7)), we have shown that this cosmological model is completely characterized by seven free functions of time, parametrizing the evolution of the background and linear perturbations. Note that, in this case we do not have any extra relation such as eq. (3.32) relating the background functions to M . We emphasize that, even though we did our calculations with a matter scalar field, our expression for S (2) G is valid when the matter sector is a general perfect fluid instead of a scalar field. The equations of motion for this gravitational model coupled to a general perfect fluid can be derived from equations (2.23).
The action we have just determined includes up to third-order derivatives of the perturbation fields. The coefficients M 2 , α K , α B and α T multiply terms that have, at most, two derivatives, and therefore encompass fundamental theories such as Horndeski theory. But we also found a "beyond Horndeski" coefficient, α H , which multiplies a term of the formΨ∂ 2 δχ that has three derivatives; therefore our results encompass the extensions from Beyond Horndeski theory.
We can recover the results of the previous section by setting χ = 0. The free coefficients then take the following values:
which corresponds to GR if M is constant (α T = 0). On the other hand, if we want δχ to describe the perturbations of a quintessence scalar, we set the coefficients to be:
Note that by constraining the form of the terms for δχ in this way, we are also constraining the quadratic tensor terms -they are all related. In this case, the tensor action reduces to that of the generalized GR action shown in the previous section. If we restrict ourselves to GR, we find α T = 0 as in [26] 4 . We finally comment on the fact that action (4.15) propagates only one physical scalar DoF. It can be seen that B and Φ are auxiliary variables, while the other three fields have time derivatives; and due to the redundancies induced by the two scalar gauge freedoms, the action contains only one physical, propagating, scalar DoF.
Fourth-order extensions
It is interesting to go further to see what the structure of higher-order derivative terms might take and what new free coefficients must be included. Both [16] and [17] include a term of the form (g µν + n µ n ν ) ∂ µ g 00 ∂ ν g 00 in the unitary gauge which, when Stueckelberg-ed, leads to a fourth-order derivative term of the scalar field in the quadratic action of the form α P ∂ i δχ∂ i δχ where α P can be expressed as 18) and T ∂χ∂χ is the coefficient in the quadratic action multiplying a term of the form ∂ i δχ∂ i δχ.
More recently, in [41] [42] [43] , the authors explored the possibility of enlarging the family of viable scalar-tensor theories by allowing fourth-order derivatives of the scalar field in the equations of motion, but avoiding Ostrogradski instabilities through additional (hidden) constraints. We now go beyond "Beyond Horndeski", to see what kinds of terms arise by systematically including all possible fourth-order derivative terms in the quadratic action (i.e. including Lagrangians L 4 T + L 4 χ , with up to four spatial derivatives but only two time derivatives). We find that the final action now depends on the five coefficients previously found as well as six new coefficients, one of which is the α P found in [17] . The new coefficients are defined in the following way:
(Note that, as for equations (4.10)-(4.14), we could rewrite all these new coefficients in terms of L * and T * solely from the tensor part of the action but the expressions would be more cumbersome). These terms contribute with the following fourth-order derivative interaction terms to the final quadratic action (as well as contributing to lower-order derivative terms):
Notice that all these terms have four derivatives of the perturbation fields δh ij , δN , δN i and δχ, but when using the SVT decomposition they have higher derivatives of the scalar-type perturbations. For completeness we list L 4 T and L 4 χ in Appendix G. The final quadratic action is lengthy, but can be found explicitly in the xIST notebook COPPER, published together with this paper (see link in Section 1). Although this final action becomes more complex, it has the same structure that we see in the action of equation (4.15): B and Φ are auxiliary variables, while the other three fields have time derivatives; and after using the gauge freedom, the action contains only one physical, propagating, scalar DoF. The quadratic actions found here with four derivatives should encompass some specific cases of the scalar-tensor theories considered in [41] [42] [43] .
It is important to remark that some scalar-tensor actions could have a different structure and allow the quadratic termΦ 2 . As shown in [19] , such actions could be obtained by performing a conformal transformation of the metric with a dependence on derivative terms of the scalar field χ to the action in eq. (4.15). Even though Φ would not be an auxiliary field anymore, these actions would propagate the same number of DoFs as the actions found in this section, due to the presence of additional (hidden) constraints. We do not find the termΦ 2 in our results because the presence of such term requires the presence of other quadratic terms (in order to have a gauge-invariant action) of the formχ 2 that lead to four time derivatives in the equations of motion, which we ignored. Furthermore, in [43] it was shown explicitly that after conformal transformations with kinetic dependence on the scalar field, the action of Horndeski is mapped into a specific action that leads to fourth derivatives in the equations of motion. Thus, we emphasize that the absence of these terms in our results does not represent a restriction on the formalism but on the extra assumptions made for the specific cases we worked out instead. In fact, if we had allowed four time derivatives of the fields, we would have found the termΦ 2 in the final quadratic action.
Vector-Tensor theories
In previous sections we have focused on scalar-tensor modified gravity theories; in this section we show how the method can easily be extended to vector-tensor gravity theories. Vectortensor theories have been studied in detail in attempts to understand spontaneous Lorentz violation [28, 44] , to generate massive gravitons [45] and as models of dark matter and dark energy [46, 47] .
General case
We aim to parametrize linearly diffeomorphism-invariant quadratic actions containing one metric and one vector field A µ . As in the previous sections, we add a scalar field, minimally coupled to the metric, to represent the matter sector, and consider linear perturbations of all the fields around a homogeneous and isotropic background. For the vector field we will have:
where A(t) is the background solution of the vector field, and α µ its first-order perturbation. Since we will be focusing on scalar-type perturbations, we use the SVT decomposition of the vector field to write:
where we have two scalar perturbations α 0 and α, and one vector perturbation α T i , such that ∂ i α T i = 0. Therefore there will only be two relevant perturbations (the two scalar modes) from the vector field in our calculations. As explained in Appendix C, these scalar perturbations transform in the following way under linear coordinate transformations:
while the scalar metric perturbations transform as in eq. (2.18) and the matter scalar field δϕ as in eq. (2.10). We now follow Step 2 to construct the most general gravitational quadratic action. We will allow, at most, two derivatives of the perturbation fields in the equations of motion. All the possible perturbed building blocks in this case will be δ Θ = (. . . , α 0 ,
, where the initial ellipses indicate all the building blocks used in Section 3. For simplicity we have defined α i =h ij α i which, in terms of scalar-type perturbations, becomes α i = ∂ i α.
Next we proceed to Taylor expand the gravitational Lagrangian L G up to second order in the perturbation fields. We use the same definitions introduced in eq. (3.1) for the coefficients L * . In addition, we use α as a proxy for α i in the subscripts of the coefficients L * . We also Taylor expand the matter action.
We recall that we obtain the background equations of motion from the linear Taylor expansion of the total action (gravity and matter). In this case, we find eq. (3.5) from varying the metric field, eq. (3.7) from the matter scalar field, and the following expression from varying the vector field:
Similar to the case of scalar-tensor theories, we expect one of these four background equations to be redundant as there are only three undetermined background functions a, A and ϕ 0 . Again, this redundancy leads to a relation between the parameters L * and T * , which is not relevant for the analysis of this paper, but would be important in constructing nonperturbative, fundamental actions allowing homogeneous and isotropic backgrounds. We now proceed to express the general quadratic gravitational action as:
where L i α 0 and L i α are the quadratic Lagrangians involving α 0 and α i respectively, along with the metric perturbations, leading to i derivatives of the perturbation fields in the equations of motion. We also include the Lagrangian L i α 0 α involving interactions between α 0 and α i . The Lagrangians L i T are given in Section 3, while L i α 0 are the same as L i χ , for i = (0, 1, 2), given in Section 4, but with χ → α 0 . For L i α , we have that:
We finally add the following interaction terms to the total gravitational action:
and L 0 α 0 α = 0. As in the previous sections, we have integrated by parts and grouped coefficients to simplify notation. In Appendix H we give the dictionary for the coefficients T * in terms of the L * for the Lagrangians L i α and L i α 0 α . Since we will also be coupling a matter scalar field ϕ, we must include the quadratic matter action given in eq. (3.13) in the total quadratic action.
Moving on to Step 3, we write the total quadratic action S (2)
M in terms of the scalar-type perturbation fields (Φ, B, Ψ, E, α 0 , α and δϕ), find the corresponding Noether identities and solve the associated Noether constraints. After solving the Noether constraints we find that the total quadratic action depends on the following 10 free coefficients:
13)
14)
)
17)
Note that we also have three unknown background functions a, A and ϕ 0 , but one relation between a and ϕ 0 given by eq. (3.7) . Thus, the linear cosmological evolution of the most general linearly diffeomorphism-invariant vector-tensor theory is parametrized by a total of twelve free functions of time. Note that in solving the Noether constraints we assumedȦ = 0, and therefore for cases with constant A the free functions might change. Since the final quadratic gravitational action is somewhat unwieldy, we do not show it explicitly in this paper. Instead, we highlight some interesting aspects of its form. The first three coefficients α Di appear in the action multiplying time derivatives of Φ. From eq. (5.12) we can see that the presence of the dynamical terms for Φ (δN ) are tightly related to the presence of those for α 0 , as LṄṄ (the coefficient ofΦ 2 as seen in eq. (3.11)) is proportional to Lα0α0 (the coefficient of (α 0 ) 2 as seen in eq. (4.7)). The same happens for B and α, as can be seen in eq. (5.20) . All the terms we have mentioned are not present in scalar-tensor theories, as B and Φ are auxiliary variables in such cases. Furthermore, even if we eliminate all the terms leading to time derivatives of B and Φ, i.e. set α D1 = α D2 = α D3 = α V 3 = 0, the remaining gravitational action still has different quadratic metric interaction terms, compared to the ones in eq. (4.15), namely (∂B) 2 , (∂Φ) 2 , and (∂ 2Ė ) 2 . Note also that two of the ten coefficients in the final action are the same as those present for a scalar-tensor theory: α T and α H . However, they do not enter the action in exactly the same way; for instance, both α T and α H multiply a term of the form (∂Φ) 2 .
A detailed analysis of the physical propagating DoFs and the stability of this class of theories is beyond the scope of this paper. However, we comment on the fact that if all the free coefficients are nonzero, we might naively think that this gravitational action propagates four physical scalar DoFs, as E, Ψ, Φ, B, α and α 0 are dynamical fields (and as there are two scalar gauge parameters). This would suggest the propagation of unstable modes, given that a well behaved vector-tensor (Lorentz-invariant) theory is expected to propagate at most two scalar DoFs: the helicity-0 modes from the massive spin-1 and spin-2 particles. For this reason it is instructive to make the following redefinition of the vector perturbation fields:
With this redefinition the fields B and Φ become auxiliary variables in the action (i.e. do not have any time derivatives), whileα andα 0 are dynamical. In this way, it is clear that the action will propagate at most two scalar DoFs. Furthermore, well-known linearly diffeomorphism-invariant vector-tensor theories propagate only one healthy scalar DoF. In this context, we notice that extra conditions on the coefficients might reduce the number of physical DoFs to one. For instance, if we set α V 3 = 0,α becomes an auxiliary variable, or, alternatively, if we set α D1 = 0 thenα 0 becomes an auxiliary variable. Such cases should encompass the generalizations of the Proca action studied in [48] [49] [50] . As we will see in the next subsection, there are alternative ways of constructing vector-tensor theories propagating only one physical scalar DoF, by incorporating extra constraints. It is interesting to see what happens if we also impose a U (1) gauge symmetry on the vector field. In this case the quadratic action is invariant under
where ε is an arbitrary infinitesimal parameter, independent of the other two scalar gauge parameters in the linear coordinate transformation. After solving the Noether constraints associated to the U(1) gauge symmetry we find that
along with eq. (3.32) and the final quadratic action depends on two free coefficients M and α V 3 . In addition, we have only one free function describing the background A, as a is related to M through eq. (3.32). In general, this action does not propagate any physical scalar DoF, because it has three dynamical fields E, Ψ andα and three gauge parameters inducing redundancies rendering these fields unphysical. The Einstein-Maxwell theory is one example of this case.
Einstein-Aether theory
As mentioned above, there are different ways of constructing a gravitational action with a vector and tensor field that propagates only one scalar DoF. Here we show one special case in which we introduce an additional constraint. Specifically, we will add the Einstein-Aether constraint: 24) to the gravitational action S G , where λ is a Lagrange multiplier, and gives the constraint A µ A µ = −1. In particular, λ is an extra scalar field whose perturbation transforms under linear coordinate transformations in the same way as δχ in eq. (2.10). The presence of the new field λ imposes an extra background equation of motion: A = 1, while all the other background equations are the same as those in the general vector-tensor case presented previously, where now all the coefficients L * are functional derivatives of the total gravitational action (which now includes S c ).
The Einstein-Aether constraint will contribute the following second-order terms to the total action:
where we have expanded the Lagrange multiplier as λ = λ 0 +δλ. Notice that the second-order Taylor expansion of eq. (5.24) will also lead to quadratic terms in the metric perturbations, but we do not show them in eq. (5.25) as they are taken into account in L i T (i.e. any quadratic metric term from S c contributes to the action via changing the explicit from of the coefficients L * and T * in the metric Lagrangians). In addition, from eq. (5.25) we note that the equation of motion for δλ gives the Lagrange constraint δN + α 0 = 0. As expected, this constraint corresponds to the linear expansion of the full constraint A µ A µ = −1.
As in the general vector-tensor case, we follow Step 3 to express the total quadratic action S (2)
c in terms of the scalar perturbations, and impose that it is invariant under linear infinitesimal gauge transformations. After solving the Noether constraints we find an action depending on ten free coefficients (of which three are different to those present in the general vector-tensor case). However, after solving the Lagrange constraint α 0 = −δN the dependence on some coefficients vanishes, while the rest combine in such a way that the final quadratic gravitational action depends on four coefficients only. The final action is: 26) where, to simplify our expression, we have defined: 29) and whereα = α + B. Note that in eq. (5.26) the last two sets of parentheses will cancel with their corresponding counterparts from the matter action given in eq. (3.13). Also, note that S we can see that when solving the Lagrange constraint, Φ becomes an auxiliary variable. Thus the final action has two auxiliary fields, B and Φ, and three dynamical fields E, Ψ andα, with no dependence on δλ and α 0 . This action is still gauge invariant under linear infinitesimal coordinate transformations; the Lagrange constraint does not fix any preferred gauge because Φ + α 0 is a gauge-invariant quantity. Therefore, this action propagates only one physical scalar DoF, as the two scalar gauge parameters render two dynamical fields unphysical.
The final action in eq. (5.26) depends explicitly on four coefficients, while the background has only one free function a. Therefore this cosmological model is parametrized by five free functions in total. Notice that we expect λ 0 to appear in the background equations of motion, but we do not count it as an extra free function, since it can be eliminated by appropriately combining the background equations. Thus λ 0 is not directly observable. In addition, A and ϕ 0 do not count as free parameters either because A is fixed to be A = 1, and ϕ 0 will be related to a by the matter background eq. (3.7).
Discussion
In this paper we have constructed a method for parametrizing the most general, local, quadratic actions for linear cosmological perturbations. This is a crucial step towards identifying how many free functions fully characterize the landscape of gravitational theories in the linear cosmological regime. Our systematic method for finding such actions, given a field content and (set of) gauge symmetries, consists of the following three main steps:
1. Assume a given number and type(s) of fields present in the theory (gravity and matter).
Given an ansatz for the cosmological background, consider linear perturbations around that background for each field. Finally, choose what gauge symmetries to impose on the quadratic action determining the evolution of these perturbations.
2. Construct the most general local quadratic gravitational action, given the content field set in Step 1. Start with an unperturbed fundamental gravitational action S G , a functional of a set of building blocks Θ containing all the fields and their derivatives (up to some truncating maximum order). Find the perturbed set of building blocks δ Θ, given the linear perturbations of the fields, and Taylor expand S G up to second order in δ Θ. Finally, add some known matter action S M and Taylor expand in the same way. The first-order total action S (1)
M leads to the background equations of motion, while the second-order total action S (2)
M determines the evolution of the linear cosmological perturbations. The form of S (2) G should be that of an action including all possible covariant quadratic interactions between the linear perturbation fields. Each term in this action has an a priori free coefficient in front, which is a functional derivative of the fundamental action S G evaluated at the background.
3. Find the most general linearly gauge-invariant quadratic action for perturbations. Consider S
G + S
M from Step 2, and find the Noether identities associated to the desired gauge symmetry. Each gauge parameter will lead to a Noether identity, which in turn will lead to a number of Noether constraints which are, in general, linear ordinary differential equations of the free coefficients in S (2) G . After solving the system of Noether constraints and replacing the results in S (2) G , we obtain the most general quadratic gravitational action for linear cosmological perturbations for that particular field content and set of symmetries. From this result it is straightforward to identify the number of free parameters describing the linear cosmological evolution of the universe, and the number of physical DoFs propagating.
In this procedure, the free parameters characterizing the quadratic action for perturbations are related to properties of fundamental gravitational theories. This makes the procedure useful for translating cosmological constraints into constraints on fundamental actions, as well as for straightforwardly finding where a given gravity theory lies in the space of these free parameters. In addition, since our method is very systematic, all the calculations presented in this paper are easily generalizable to different backgrounds, to include extra gravitational fields, and different gauge symmetries.
In this paper we have applied the above procedure to a few different cases, summarized in Table 1 . We have first applied the procedure to a purely metric theory, leading to second- In all cases we also added a matter scalar field ϕ whose presence is omitted in this table. The second column indicates the maximum number of derivatives of the perturbation fields allowed in the equations of motion. Note that in the cases where this number is higher than 2, we assumed a maximum of two time derivatives, but allowed higher spatial derivatives. The third column shows the free coefficients parametrizing the quadratic action, while the +1 or +2 counts the number of extra free background functions. The fourth column shows the maximum number of scalar-type DoFs propagated by the quadratic gravitational action. In all cases the complete quadratic theory would propagate one more matter scalar DoF. The fifth column shows theories that are encompassed by the corresponding parametrization. The three grey rows show new parametrizations of fourth-order derivative scalar-tensor theories and second-order derivative vector-tensor theories, including Einstein-Aether.
order derivatives in the equations of motion. In this case we found one free coefficient M , a function of time, describing the cosmological background and linear evolution of the universe. We also found that these quadratic gravitational actions do not propagate any scalar-type DoF. When M = M P l we recover GR. We do not uniquely obtain the quadratic action for GR in this case, as GR is fully diffeomorphism-invariant, but we only required linear diffeomorphism invariance. In other words, there is more to a full theory than its quadratic action, and there are additional constraints not captured by any formalism based on linearized perturbations. Therefore, the fundamental theories described by the parameter M could break the full diffeomorphism invariance, or maybe propagate extra DoFs that are only present at higher perturbative order. This also means that, in general, not all the possible values of the free parameters will be associated to healthy fundamental theories. This first case then highlights the fact that even with an accurate measurement of the free parameters, we will never be able to completely pin down the landscape of fundamental theories to only one by using linear cosmological perturbation theory alone. We also applied our procedure to scalar-tensor gravity theories, leading to second, third and fourth-order derivatives in the equations of motion. The first two cases are well known, and the quadratic actions found encompass the theories of Horndeski and Beyond Horndeski. We also analyzed the fourth-derivative case and identify a total of 13 free functions of time, describing the background (2) and linear (11) cosmological evolution of the universe, of which 6 are new compared to the third-derivative case. In all these cases the quadratic gravitational action propagates only one scalar-type DoF. The procedure could also be applied systematically to allow higher-order derivatives, and we would most likely generate more free parameters encompassing even more theories.
Finally, we applied the procedure to vector-tensor theories, leading to second-order derivatives in the equations of motion. We found a total of 12 free functions of time describing the background (2) and linear (10) cosmological evolution of the universe. In general, these quadratic gravitational actions propagate two scalar-type DoFs, although there could be only one when some specific parameters are zero. As an alternative case of a vector-tensor theory propagating only one scalar-type DoF, we applied the procedure to theories of gravity with an Einstein-Aether constraint. We found a total of only 5 free parameters of time describing the background (1) and linear perturbations (4) .
In all the cases presented in this paper we minimally coupled the metric field to a matter scalar field; however, the same results hold for a general perfect fluid. In addition, we only analyzed scalar-type perturbations, but the same free parameters will also describe vector and tensor-type linear perturbations, around homogeneous and isotropic backgrounds. The specific form of the quadratic action of vector and tensor perturbations is left for future work.
We remark that the field content, and more specifically how all fields transform under a given gauge symmetry, is crucial in determining the final form of the quadratic action. For instance, we could apply the same procedure to a gravitational theory with a tensor coupled to a generalized scalar-type field χ, whose linear perturbation δχ transforms under linear coordinate transformations as:
where G * are unknown functions of the background and π, are arbitrary functions defined in Appendix C. After applying the three steps above, focusing on scalar-type perturbations, and allowing up to two derivatives of the fields, we could get very different results to those of scalar-tensor theories. If G i = 0 for i = (0, 1, 2, 3) the final quadratic gravitational action reduces to that of generalized GR found in Section 3, and thus no scalar-type DoFs are propagated by the resulting action. On the contrary, if G 2 = G 3 = 0, and G 0 =Ġ 1 , i.e. when δχ is the linear time-like scalar-type component of a perturbed vector field A µ , the final gravitational quadratic action propagates a maximum of two scalar-type DoFs. δχ, Φ, E and Ψ are dynamical fields in the quadratic action, but there are two scalar gauge parameters inducing two non-physical fields. As in scalar-tensor theories, in this case we introduced only one extra field χ to the gravitational theory, but the resulting number of propagating DoFs is different. We see then the importance of our Step 1 in determining the space of gravitational theories under consideration, by defining the gauge transformation properties of the extra degrees of freedom. The ultimate goal is to construct an action that spans as large a swathe of the landscape of gravitational theories as possible. To do so, in future we will tackle theories with two tensor fields (or metrics), and thus parametrize current bigravity theories. We hope to bring these results together with those of the current paper, and propose a completely general parametrization for theories of gravity with one propagating scalar-type degree of freedom. This extends the widely-used parametrization of [26] that arises in Horndeski theories, and is a substantial step towards achieving a general parametrization which transcends scalartensor theories. It will also allow us to identify the subspace of effective parameters in the PPF approach [12] which is, at the moment, still the most general parametrization of gravitational theories currently available. We will then analyze the quasi-static limit of our new formalism, map out the region of stability of these theories, and ultimately develop a numerical tool which can be used for analyzing data from forthcoming large-scale structure surveys such as Euclid, SKA, LSST and WFIRST.
If we define the lapse and shift functions through:
then the metric components become:
In this setting, we can construct the Ricci curvature for the 3-dimensional space, R µν in terms of h ij and the corresponding three dimensional covariant derivatives, as well as the extrinsic curvature K µ ν :
which satisfies
Specifically, in terms of the lapse and shift functions, the extrinsic curvature can be rewritten as:
whereḣ ≡ dh/dt and D i denotes the covariant derivatives in the 3-dimensional space described by h ij . For completeness, we also show the Gauss-Codazzi relation, which relates the standard 4-dimensional curvature (4) R µν to the 3-dimensional curvature R µν : 10) or, alternatively, through
B Scalar perturbations
In this section we show relevant quantities in terms of the four linear scalar perturbations of the metric. Following the standard SVT decomposition, we consider linear perturbations around a FRW background, and write the metric components in terms of four scalar perturbation fields B, Φ, Ψ and E in the following way:
where a is the scale factor and depends only on the time t, while the four perturbations depend on time and space in general. Using the expressions given in Appendix A in the 3+1 decomposition, we can express all the relevant quantities used throughout the paper in terms of the four scalar metric fluctuations:
3)
whereh ij = δ ij a 2 represents the background spatial metric, and also ∂ 2 =h ij ∂ i ∂ j . Here, a single δ stands for linear perturbations, while δ 2 stands for quadratic perturbations, which will be needed to calculate the second-order action.
C Gauge Transformations
In this section we present the linear gauge transformation rules for a metric, vector and scalar field under linear coordinate transformations.
In general, the linear transformations of any field can easily be derived from the general transformation laws. For a 2-rank tensor field g µν , the general transformation law from a set of coordinates x µ to another coordinatesx µ is given by:
whereg µν represents the tensor in thex µ coordinates. If we now consider linear transformations wherex µ = x µ + µ , with µ being an arbitrary small 4-vector, the transformation law becomes:
where we have Taylor expanded the coordinates ofg µν (x) up to first order in µ . Here all partial derivatives are with respect to the x µ coordinates. Then, up to linear order in µ , we getg
which can be seen as a gauge transformation where the fields change but the coordinates are kept fixed. Notice that in our last step we have used eq. (C.2) recursively to write α ∂ αg µν (x) = α ∂ α g µν (x) + O( 2 ). Now we consider linear perturbations of the metric δg µν around some background metric g µν , and find the gauge transformation rule for δg µν under linear coordinate transformation. From eq. (C.3), at zeroth order the metric does not change, while at linear order we find:
where δg µν are the linear perturbations of the inverse metric g µν . Here it is understood that all the fields depend on the coordinates x µ . Finally, from eq. (C.4) we can find the transformation rule for δg µν by using that g µα g αν = δ µ ν . We find that:
If we focus on the scalar-type perturbations, defined in eq. (B.1), around a spatially-flat homogeneous and isotropic background metric, from eq. (C.5) we find that:
where a(t) is the scale factor. Here the dots denote derivatives with regards to the physical time t. Notice we have also rewritten the gauge parameter µ in terms of its scalar-type components as µ = (π, δ ij ∂ j ). Finally, we emphasise that the same kind of analysis can be done for any type of field. For a linear perturbation of a scalar field χ, expanded as χ = χ 0 + δχ, the transformation under linear coordinate transformations is given by:
where χ 0 is the background solution of the scalar field and δχ its first-order perturbation. In the case of a homogeneous and isotropic background, the transformation becomes:
where we have assumed that χ 0 = χ 0 (t). For linear perturbations of a vector field, expanded as A µ = A µ 0 + α µ , the transformation under linear coordinate transformations is given by:
where A µ 0 is the background solution of the vector field, and α µ its first-order perturbation. If we focus on scalar-type perturbations around a homogeneous and isotropic background, the transformation becomes:
where (A(t), 0) is the homogeneous and isotropic background solution, and the scalar-type perturbations are such that α µ = (α 0 , α i ) = (α 0 ,h ij ∂ j α), whereh ij is the 3-spatial metric from a spatially-flat FRW background metric.
D New Coefficients
The coefficients T * in the quadratic action for the metric are related to the original coefficients (i.e. the functional derivatives of the gravitational Lagrangian, L * ) via:
+ 2L S∂ 2Ṡ ×2 + 2LṠ ∂ 2 S×2 (D.14)
E Background equations
In this section we show the derivation of the metric background equations of motion, for a spatially-flat FRW metric. We do this by calculating the Taylor expansion of the fundamental total action (gravity and matter) up to first order on the metric perturbation fields. Let us start by finding the linear terms in the expansion of the fundamental non-perturbed gravitational Lagrangian L G . From eq. (2.13) we find:
where δ stands for first-order perturbations only. Thus, the linear terms of the gravitational action S G will be:
G , and we have eliminated many terms that formed a total derivative. Now we make use of the following relations:
to rewrite the linear action as:
Now we proceed to find the linear terms from some matter action S M . If we consider as matter a general perfect fluid with a stress-energy tensor T µν , the linear expansion leads to: whereT µν is the diagonal background stress-energy tensor for the fluid with rest-energy density ρ m and pressure P m . Notice that here we have also ignored terms that formed total derivatives. Finally, the total first-order action will be:
Now we notice that the equations of motion of the perturbation fields will have zerothorder terms coming from the total linear action, and first-order terms coming from the total quadratic action. Since the resulting equations of motion must be satisfied order-by-order, we will have, in particular, that the total contribution from zeroth-order terms will vanish. Therefore, both brackets in eq. (E.6) must be zero, leading to the following two metric background equations:
Notice that the total linear action will always be zero then, given the background equations.
F New Coefficients for Scalar-Tensor Action
The coefficients in the quadratic action of the scalar field χ are related to the original coefficients (i.e. the derivatives of the lagrangian, L * ) via
T ∂χ∂χ = L ∂χ∂χ − 2L χ∂ 2 χ + HL χ∂ 2χ +L χ∂ 2χ + HL ∂ 2 χχ +L ∂ 2 χχ − HL ∂χ∂χ −L ∂χ∂χ (F.8)
(F.14)
G Fourth order action for Scalar-Tensor theory
In this section we show the most general quadratic Lagrangians of a scalar-tensor theory involving four derivatives of the perturbation fields (at most two time derivatives, though). where we have made integrations by parts and grouped some coefficients L * together into new coefficients T * , for simplicity.
H New coefficients Vector-Tensor action
The coefficients in the quadratic action for the vector field are related to the original coefficients (i.e. the derivatives of the lagrangian, L * ) via:
